In this paper, the fundamental theorem of Yetter-Drinfeld Hopf module is proved. As applications, the freedom of tensor and twisted tensor of two Yetter-Drinfeld Hopf algebras is given. Let A be a Yetter-Drinfeld Hopf algebra. It is proved that the category of A-bimodule is equivalent to the category of A A ⊗ -twisted module.
Introduction
Let k be a field and A an algebra. A left A -module is a k -vector space V together with a k -linear map The category of left C -comodule is denoted by C M . For more about modules and comodules, see [1] - [3] . Assume that H is a Hopf algebra with antipode S , a left Yetter-Drinfeld module over H is a k -vector space V which is both a left H -module and left H -comodule and satisfies the compatibility condition ( ) [4] . The category is pre-braided; the pre-braiding is given by ( ) 
.
One easily get that S is both H -linear and H -colinear. In general, Yetter-Drinfeld Hopf algebras are not ordinary Hopf algebras because the bialgebra axiom asserts that they obey (a5). However, it may happen that Yetter-Drinfeld Hopf algebras are ordinary Hopf algebras when the pre-braiding is trivial, for details see [5] .
Yetter-Drinfeld Hopf algebras are generalizations of Hopf algebras. Some important properties of Hopf algebras can be applied to Yetter-Drinfeld Hopf algebra. For example: Doi gave the trace formular of Yetter-Drinfeld Hopf algebras in [6] and studied Hopf module in [7] ; Chen and Zhang constructed Four-dimensional Yetter-Drinfeld module algebras in [8] ; Zhu and Chen studied Yetter-Drinfeld modules over the Hopf-Ore Extension of Group algebra of Dihedral group in [9] ; Alonso Álvarez, Fernández Vilaboa, González Rodríguez and Soneira Calvoar considered Yetter-Drinfeld modules over a weak braided Hopf algebra in [10] , and so on.
Hopf module fundamental theorem plays an important role in Hopf algebras. This theory can be generalized to Yetter-Drinfel Hopf algebras. Theorem 1.1. Let A be a Yetter-Drinfeld Hopf algebra,
as left A Yetter-Drinfeld Hopf module. Note that Theorem 1.1 was appeared in [7] , but we give a different proof with Doi's here.
Let A be a Yetter-Drinfeld Hopf algebra. Define the multiplication of ( )
is an algebra. But it is not a Yetter-Drinfeld Hopf algebra if τ is not the trivial twist T. As applications of Yetter-Drinfeld Hopf module fundamental theory, we have the freedom of the tensor of Yetter-Drinfeld Hopf algebras and twisted tensor of Yetter-Drinfeld Hopf algebras. 
The Freedom of Yetter-Drinfeld Hopf Algebras
In this section, we require H is a Hopf algebra and A is a Yetter-Drinfeld module over H . Moreover, we need A is a Yetter-Drinfeld Hopf algebra. Next, we will give the definition of Yetter-Drinfeld Hopf module, also see [7] . Definition 2.1. Let A be a Yetter-Drinfeld Hopf algebra. The Yetter-Drinfeld Hopf module over A is defined by the following 1) M is a left A -module and left A -comodule with comodule map : 
Twist Yetter-Drinfeld Hopf Module
Let A be a Yetter-Drinfeld Hopf algebra over Hopf H . Define the multiplication of ( ) 
Proof:
We only need to check the associativity of ( ) 
